(LT (TR
[ | I}'lrh' I‘lnl.\'-_'

e FEARIEC AT ACRT S Y S I A TR AT
JEAT RUTe W R A A RN

wrta=t ey el etk dn !
¢ BTN ST [ ¥ M ‘#-._“

Wi llud'lula o aule) Flp.lul_pl]

TR SR AFTTE A
g A= S e et
AN TN Y

B e e T T R T R o S e S e v

W A A '_|=8-Z=-"'_5.1=--'1‘ -lﬂll\-wb\m.hllml:lull‘lmm
1= =l==in! T AT e T e T u e L e W.j
. Lmdl o 0ol BaFiN STRIES  FisiadwyEligee’ fevm iy (s REEE L mfm
ﬂll""‘\ SR L T BT TR ECA.I'.Ithl"ﬁ.Jllrtl.. = .L\.(M-I
=0 by W e ||p|| [ UmaE | zl‘ oqum'u | [ T,

h IR AE™ 'N:li‘r, 50 el ||u “‘\ bkl S A B b N g "l!'ﬁ—_.l'l'l'lﬂ!:

W e L v el xmnn-—m- #- B A N tn
AL I M L B L .wq.ﬁg\ﬂ el Y wle
m‘muk'miﬁﬂ-ﬂr el Bare e wmtr s ) IFHI:""!:
amnip vl ) ncannm g s g i i s 8 e
o Vpmage Tl GO 2 Nt sqvat =gl Nazige = 4 Wi
S S U, -"kl'uw* T P e T L e M"h b - ﬂﬂtpﬂ&l—llﬂl
B S e ey T L U O VP T
b Vot Ak el e M“’l‘} i=r I pxtas’i ) xh oo Nisle N B (Lim Uaem

L oa Vil .‘hlil‘w T T |m_|g &'y L—l'a._wﬁ [y Lkl

S i TS TR T

;.‘Il'h'ﬂ* iigym I'll._ l.I.I.I.‘i:-AIﬁ.I‘. "-* rTLl-I.I W‘J—\I-I-lli!al—' b,
N e e

C R a0 T NSRRI
I, P s T A R ISl Mvatn Wae Sntlerd vt T W

Bl o Miegoa etibres T ik o el tr ameabh e el
vl RalEnl wd ke e sier 11 Iminngeriais dome ot mmie S sansatioy

=0 L antarvedineth wlr dod L& "TT':IIIJ" = mﬁ'ﬂmmn T ai TN Py
SR (it v {oees VDS 1 1Esigen 8 U & s vel] iliee yae
£ nof st D 5200 B vl CER 70 wamid AW e 11

v A zlhluﬂhmnfuu ek S5 5, el y Lt BN ) g e
R | QT U z"%lmm¢ PRLCUE S

-2 aoesh ..an mh-w’

W

b




Jurnal Mekanikal
June 2007, No. 23, 62 - 73
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ABSTRACT

Solar water heaters are now have been accepted as a reliable source of providing
hot water heating in many domestic homes and are becoming more popular.
Unfortunately, solar water heaters are still considered luxurious hardware in
Malaysia. A cheaper and efficient solar water heater system is required to be
designed. The only way to produce cheaper and efficient product is through the
optimization process to obtain the minimum cost but still maintain the
specification required or known as constraints. In this paper, the vertical water
storage tank will be analyzed to obtain the optimum cost. Thermosyphon-flow
solar water heating system is preferred for obvious economic reasons since they
do not require circulation pumps and control units. Average temperature of the
hot water in the storage tank is determined through temperature distribution
simulation. The overall average temperature obtained is 49.3°C and is used to
solve the optimization problem. The constraints in the optimization process are the
tank volume and heat losses from the water in the tank. The Lagrange multiplier
method, which is based on the differentiation of the objective function and the
constraints is applied. The minimum cost obtained for storage tank volume of 225
litres is RM 1321.66.

Keywords: Solar, solar water heater, thermosyphon-flow solar water heating,
Lagrange multiplier method

1.0 INTRODUCTION

Solar water heaters collect and convert incident solar radiation energy to useful
thermal energy in the form of hot water. They essentially consist of solar
collectors for absorbing and converting the solar energy and an insulated storage
vessel or tank to store the heated water. In a passive system, the circulation of the
water within the system is by a convection current caused by density differences
of the water. Water which is heated in the collector tubes tends to rise to the top of
the storage tank. Cold water replaces it from the bottom of the tank. A natural
convection current within the system is thus set up. This passive system is also

" Corresponding author; E-mail: suhaimimisha@utem.edu.my
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known by various other names such as gravity natural convection, or
thermosyphon flow solar water heating system. During the day, as long as there is
sufficient sunshine, water will always recirculate in this manner and hot water will
accumulate at the top of the storage tank.

The details of experimental observation of temperature and flow distribution in
a natural circulation solar water heating system and its comparison with the
theoretical models can be found in Chuawittayawuth et al. [1]. Natural circulation
solar water heating systems are available in varying collector geometries (and
materials), storage tank capacities and specifications of individual components.
The theoretical results compares well with the measured profile of absorber plate
temperature around the riser tubes. A numerical and an experimental analysis of
temperature inside a storage tank with natural convection was investigated by
Oliveski et al. [2] The numerical and experimental results showed that, as time
passes, there is a thermal stratification, separating the tank into two different
regions: a stratified region at the bottom and another uniform region at the top.
The thermal gradients along the radius also have been analysed. At the periphery,
thermal gradients are maximum, encompassing the thermal boundary layer. In the
center, there is no thermal radial gradient.

Oliveski et al. investigated and compared models for the simulation of hot
water storage tank [3]. The numerical analyses were performed with two
approaches: one using a two-dimensional model in cylindrical coordinates
employing the finite volume method and another using a one-dimensional model.
A turbulence model for low Reynolds numbers was added to the two-dimensional
model in the mixed convection region. The two dimensional model was
experimentally validated and then adopted as reference. Its results were compared
to those obtained with one-dimensional models with a good agreement. Malaysian
climatic conditions favour the use of solar energy for water heating. Solar energy
is cheap, safe to use, requires no transportation cost and also pollution-free. Solar
water heater system is one of the devices that use the free solar energy. The hot
water storage tank will be analysed to obtain the optimum cost.

2.0 MATHEMATICAL FORMULATION

Several governing equations are involved in this optimization process. The
governing equations are derived from equations of total cost Equation (1), heat
loss from the hot water storage tank Equation (2) and energy conservation in the
hot water storage tank Equation (3). The governing equations involved are as
follows:

Cost of tank, casing and insulator materials and welding process;
M=[zrnL+rn*12tp,D +[ 7w r,(L+tH+H) + w r,* 124, p, D

+ [3’1'("::2 _"IZ)L +7r rzgﬂf"' V4 jP'22H_7] PiE+4x(n+r)F

(6]
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The first term in right hand side of Equation (1) is the cost of tank wall
material, the second item is cost of the casing material, the third item is cost of
insulator and the last one is cost of welding at the top and bottom for the tank wall
and casing. The tank material selected is stainless steel and the insulator is
fiberglass wool.

Heat loss from the tank;
O= (Tpe-T)3 L/(l +ln(%)+ 1}
= —4a T T
- 1, k, hyr,
+(@T) artf[ -+ Hip L
h, k, h,
1 H 1
+ Tog=T) 12| — + =24+ — 2
(Tavg—Ta) 4""1/(}11 5 hz] 2

The heat loss Equation (2) includes heat losses from side wall, top and bottom
surfaces of the tank.

Energy equation [4]:
oT or a*r
L —tWw—| = kwA - -1,
C”Al:a’r az} 3 o7 hP(T-T,) (3)

-1
with k= (L+iln("_?)+ L]
Z

1 k, K hyr

A simplification in the hot water storage tank problem is obtained by assuming
that the temperature distribution across any horizontal cross section in the tank is
uniform, the variation of water properties may be taken as negligible and vertical
velocity of water in the tank is also taken as uniform across each cross section.
The energy equation for thermal transport in the water tank simplifies to one
dimensional and transient equation. This equation has been validated by Oliveski
et al. which shows a good agreement with two dimensional model and experiment
[3].

According to Ong, about 80% of the hot water in storage tank can be assumed
to be practically utilized and generally a person consumes about 45 / of hot water
per day [5]. Assume the storage tank is designed for household of four peoples,
therefore the storage tank capacity of about 225 [ is required. The first constraint
is the tank volume which equals to 225 /.

V=2251=nr’L=0225m’ 4)
Conduction in the tank wall can be neglected due to the thickness of the
material compared to the radius of the tank and the thickness of the insulator. The

temperatures distributions in vertical axis of the tank need to be considered first to
find the temperature value that really represents the average temperature for 10
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hours duration. In the morning at around 8.00 a.m. to evening around 6.00 p.m,
assume the solar energy is hot enough to maintain the temperature at the top of the
tank at maximum temperature, which is about 75°C and the bottom of the tank is
perfectly insulated. The appropriate initial condition is the water in the storage
tank is at ambient temperature, 27 C because the warm water in the tank has been
drawn out by the house occupant for showering purpose at early morning. As
described earlier, the thermal stratification will be developed in the storage tank
and the temperature profiles involve transient condition. Therefore, in order to
obtain the average temperature within the 10 hours duration, simulation must be
done. The average temperature obtained is based on the daytime. At night the
average temperature will be lower than the daytime since at evening after 6.00
p.m. the hot water at the top of the tank will be drawn out for showering purpose.
The top temperature will decrease and solar energy is not available at night,
therefore it cannot maintain the temperature at maximum value and the average
temperature at night is lower.

An efficient hot water storage tank can be produced by making the tank
perfectly insulated (adiabatic), but practically it requires a thick insulator. The heat
loss can be calculated by using average water temperature for the wall of the tank
and bottom of the tank as well. It is more practical to use maximum temperature at
the top of the tank since most of the times, the water temperature at the top is
higher than average temperature. Based on the existing design of solar collector,
the area 2.34 m” of solar collector is able to supply hot water at 75'C and the cold
water inlet at the bottom of the tank is equal to ambient air temperature, 27 C.
Initially the average temperature is assumed between the top temperature, 75°C
and bottom temperature, 27 C which gives an average of 51'C. The maximum heat
loss is assumed about 3% of the total internal energy and the height of the storage
tank is 1 m. Generally the heat loss depends on the surface area, therefore the heat
loss from Equation (2) can be written in inequality constraints, [6].

The initial and boundary condition for energy Equation (3) may be taken as:

AtT =0, T@E) =T,

For 7>0: T'=T, atz=0 £=0 atz=1L &)
4

The governing equation and boundary conditions may be nondimensionalized
by defining the following dimensionless temperature &, time 7' and vertical
distance Z as:

T-T ' _ar
= T =—
=T r

] a

_z
Z=7 ©)

The dimensionless governing equation is then obtained as:

oo 2
06,30 _ o

: = e - H
or " oz 2zZ* @ @
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where W= KL— H= hPL’

o Ak

w

; o is the thermal diffusivity of water

The initial and boundary conditions become:

AtT =0, 6 (Z)=0

o0 ®)
For >0: O=1atZ=0 —=0 at Z=1
o7

3.0 METHOD OF SOLUTION

The Lagrange multiplier method, which is based on the differentiation of the
objective function and the constraints will be applied. The Lagrange multipliers
represent the sensitivity coefficients which are defined as the rate of change of the
objective function with the constraint at the optimum. The value of the sensitivity
coefficient gives an indication of the effect of the adjustment needed in the
constraint in order to employ standard sizes and readily available component.
Therefore, it is important to understand this optimization method and the basic
concepts introduced by this approach.

This is the most important and useful method for optimization. It can be used to
optimize functions that depend on a number of independent variables and when
functional constraints are involved. As such, it can be applied to a wide range of
practical circumstances, provided the objective function and the constraint can be
expressed as continuous and differentiable functions and only equality constraints
can be considered in the optimization process. According to Jaluria, the
mathematical statements of this optimization problem are as follows [4].

The objective function, M is the total cost of the tank (from Equation (1)):

M=[rzr L+ 7121421632 +[ wr,(L+H/+H) + 7 r,” ] 421.632

+[7( ?‘22 —FIZ)L + 7 FZZHP_ T rzsz] 138+ 140w (1, +77)

)
subject to the constraints:
Gi=rnr’L-0225=0 (10)
1 In(r,)  In(r) =
Gy =(Tpy <2727l — + —2= . —1= + 1 -30=0
2= (Tavg =27) ”L(165r1 0.036 ~ 0.036 17:;}
QY
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_ L B BT
Gi=(75-27) m| = + P+ 1| .4=0 (12)
165 0.036 17
Go= w27 m ot P s L) 4o 13)
165 0.036 17

The objective function, Equation (9) is obtained by substituting the material
properties and cost into equation (1). The tank wall and casing thickness is 2 mm.
The costs of stainless steel, fiberglass wool and welding are RM 13.50/kg,
RM 3.00/kg and RM 35.00/m respectively. Inequalities constraints are often
converted into equations before applying optimization methods. A common
approach employed to convert an inequality into an equation is to use a value
smaller than the constraint if a maximum is given. It can be done by introducing,
often known as slack variables (AC), that indicate the difference from the
specified limits, normally it is about 5 % or less from the actual value. In order
to estimate the insulator radius and thickness (r; H; and H,) assumed average
temperature, 7g,, is 51°C and top temperature, 7, equals to 75'C as mentioned
earlier.

According to Ong, the actual volume flow rate of the water flowing in a
thermosyphon flow solar water heater was about 0.0025Vs (2.5 x 10 m’/s) per
square meter of collector area [5]. Since the maximum temperature selected is
75C, the collector panel area 2.34m” is chosen. Therefore the thermosyphon flow
is about 5.85 x 10° m’/s. The parameters of the water storage tank are still
unknown, therefore some assumptions need to be made to simulate the water
temperature distribution in the storage tank. The assumptions must be based on the
constraints that have been selected. For height of tank, L equals to 1 m, it will give
radius of the tank, r; equals to 0.2676 m. Then by choosing the heat losses
constraint within 10 hours is about 3%, and using average temperature, 7,,, equal
to 51°C and top water temperature, 7, equal to 75 C an estimate of the insulator
thickness was obtained. The estimated radius of the insulator, r; is 0.3183 m,
insulator thickness is 0.0949 m and 0.0463 m for the top, H,; and bottom, H;
respectively. Now by using these values, the temperature distribution can be
simulated. As a result the dimensionless governing energy equation for thermal
transport in the water storage tank becomes:

ﬁ+1673?48ﬁ— 89 8.65950 14
or' ' oz~ a8z " (14)

Finally the above equation will be used to simulate the temperature distribution of
the water in the storage tank.

The above equation is transient equation, therefore the temperature distribution
changes as time increases. In order to obtain the single temperature that represents
the overall average temperature within the 10 hours duration, the graph of
temperature against height of the tank for each time needs to be plotied. The
temperature distribution data is calculated for time interval of 1 hour, beginning
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from zero to ten hours, meaning that eleven graphs will be plotted. Then for each
graph the average temperature is determined using mean value theorem. Area
under the curve can be determined by using trapezoidal method. Finally from the
eleven average temperatures, the overall average temperature value that represents
the average temperatures of the water in the tank within 10 hours duration is
obtained. This overall average temperature value will be used in the analysis for
constraint Equations (11) and (13). The overall average temperature obtained from
the simulation is 49.3°C. By applying the same procedure as shown in Jaluria, [4]
the optimum is obtained by solving nine Equations [6].

There are a total of nine simultaneous equations obtained and the unknowns are
four multiplier (4, A, 43 and 44), corresponding to the four constraints and the five
independent variables (r;, 2, L, H; and H;). Therefore this system may be solved
by numerical method to determine the values of the independent variables, which
define the optimum, as well as the multiplier. By using the numerical method
which is Newton’s method all the unknowns can be determined. The values of
independent variables are the optimum values whereas the multipliers are the
sensitivity coefficients of the constraint.

4.0 RESULTS AND DISCUSSIONS

The dimensionless energy Equation (14) can be solved numerically by using
MATLAB software. The results of the numerical solution are shown in Figures 1,
2 and 3. The figures show that the flow is transient in nature. Even though the time
duration of 10 hours is quite long but the thermosyphon flow is too slow that the
flow does not achieve steady state condition. Even though the velocity looks too
small it gave significant effect on the temperature distribution. If the velocity is
neglected the temperature distribution from the top to the bottom of the tank is
very poor. By neglecting the velocity, the water in the storage tank can be
assumed as a solid model and the heat transfer is due to conduction in the water
itself from high temperature at the top to the cold water at the bottom. The thermal
conductivity of water, k, at 51C is about 0.6416 W/m.K. The thermal
conductivity of water is too low compared with solid material such as stainless
steel which is 24 W/m.K. Due to the low thermal conductivity of water, the
temperature distribution is very poor if the velocity is neglected as shown in
Figure 4.

The overall average temperature obtained is 49.3'C as shown in Table 1.
Actually, the thermal property of the water in the storage tank varies since the
temperature distribution is different from the top to the bottom, but the
temperature range is relatively small. Therefore, the variation in water properties
may be taken as negligible. Initially the average temperature is assumed at 51°C.
The difference of the thermal properties at 49.3°C and 51°C are too small and can
be neglected. Therefore, the simulation of the energy equation based on thermal
properties at 51'C can be accepted. Based on side wall heat loss constraint
Equation 2, the heat loss from the side wall at day time is about 30 J/s. The heat
loss of 30 J/s and average temperature at daytime is applied to determine the
insulator thickness, and it will be used to design storage tank insulation. If the
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average temperature at night is lower, it means the heat loss is less than 30 J/s
which is acceptable as described in Misha [6].

Figure 1: Numerical solution of Figure2: Variation of the temperature

temperature distribution in at various time interval
3D (Time, 7 =0,1,2,3...,10 hours
start from the left)
/ e
g _,-'; / Fib
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Figure 3: Variation of the Figure 4: Variation of the

temperature at various temperature at various
location (Distance, z = 0, time (neglect velocity,
0.1, 0.2, ..., 1.0 meters assume w = 0)

start from the left)
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Table 1: Average temperature at various time intervals

Time (hours) Average Temperature (“C)
0 27.4
1 31.7
2 36.2
3 40.6
4 45.0
5 49.4
6 53.8
7 58.2
8 62.5
9 66.6
10 70.1

Overall Average
Temperature 493

By assuming the height of the tank as 1 m, the estimated insulator thickness is
about 5.07 cm. Since the percentage area of the side wall is larger than top and
bottom areas, increasing the insulator thickness will give much effect on the cost
of the insulator and casing materials. In order to have no heat loss at the side wall
the overall heat transfer coefficient, # must equal to zero. This needs very thick
insulation. It seems that, in order to get the overall heat transfer coefficient, A
equal to zero, the radius of insulator, 7, is almost infinity [6]. Therefore small
amount of heat loss is allowed to obtain a practical and reasonable design of
storage tank. If there is no heat loss at the side wall (4=0), the temperature
distribution at certain time is about the same. However the temperature at each
locations increase a bit for overall heat transfer, 7 equal to zero since there is no
heat loss [6]. By applying the same method, the overall average temperature if no
heat loss from the side wall, is 49.7'C. The difference of the overall average
temperature for heat loss of 30J/s and no heat loss, is very small, about 0.4C,
Therefore, even though the heat loss at the side wall exists, it is very small and the
water storage can be categorized as an efficient storage tank.

The set of nonlinear equations is solved by numerical method. The results are
shown in Table 2. The values displayed in the result is after rounding to a certain
decimal points, but to solve it numerically by computer, the program use 16 digits
precision, otherwise the results may not converge to a solution. The optimum cost
obtained is RM 1321.66. The sensitivity coefficient for volume constraint of
Equation (13) is given by -4, with S;; = 3888.53. It means at the optimal
proportions an extra 1 m® volume of the storage tank would increase the cost to
RM 3888.53 which is more than the original cost. Let us assume the constraint on
the volume is increased from 0.225 to 0.226. By applying the same procedure to
obtain the optimum independent variables but changing the volume constraint to
0.226 instead of 0.225, the rate of change, (6M /oV ) equals 3886.36 which is
close to the sensitivity coefficient, S.; . Let us change the side wall heat losses
from 30 J/s to 31 J/s and then for top and bottom surfaces of heat loss change from
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4 J/s to 5 J/s. The comparison between sensitivity coefficient, S. and the rate of
change, (oM /oG )" when the constraint is changed, are shown in Table 3. The

negative sign of the sensitivity coefficient means that by increasing heat losses,
the cost will decrease. In order to increase the heat losses from the storage tank,
thinner insulator is required and it will reduce the cost of the insulator and casing.
According to Jaluria, the slight difference in the change in M from the calculated
value of sensitivity coefficient, S, is the result of the nonlinear equations which
make S, a function of the independent variables and not a constant [4]. When the
height, L moves away from the optimum (0.886 m) whether increasing or
decreasing, the cost is increased. It means the optimum value obtained is a
minimum.

Table 2: Unknown values obtained from numerical solution

Optimum Results

unknowns
7, 0.2843
r 0.3276
H; 0.1074
H, 0.0486
L 0.8860
A -3888.53
A, 4.8860
A 13.1774
A, 6.1220

Table 3: Comparison between S, and (M /oG )*

Ganatisinta " f:f]fl"féf;?ysc Rate of change, (%}
G 3888.53 3886.36
G» -4.89 -4.72
G; -13.18 -10.68
Gy -6.12 -4.93

5.0 CONCLUSIONS

A simplification in the hot water storage tank problem is obtained by assuming
that the temperature distribution across any horizontal cross section in the tank is
uniform, the variation of water properties may be taken as negligible and vertical
velocity of water in the tank is also taken as uniform across each cross section.
The temperature distribution simulation is done by using guess storage tank
dimensions which are based on the constraints and current design. The overall
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average temperature obtained is 49.3 'C. The overall average temperature is used
in the constraints Equations (11) and (13) to solve the optimization problem.

The optimization method used is Lagrange multiplier. The optimum cost
obtained is RM 1321.66. The Lagrange multipliers also provide information,
through the multipliers, on the sensitivity of the optimum with respect to changes
in the constraint. This parameter is useful in adjusting the design variables to come
up with the final design. The optimum values of the storage tank dimensions are
shown in Table 2. The sensitivity coefficients of each constraint are shown in
Table 3. In order to get optimum price for the overall system of solar water heater,
further research may be done to get the optimum of other components such as the
solar collector and cold water feed.

NOMENCLATURE

¥ radius of tank, m

7 radius of insulator, m

L height of tank, m

H; insulator thickness at the top of the tank, m

H, insulator thickness at the bottom of the tank, m
A cross-sectional area of tank, m”

G specific heat of water, kJ / kg C

D price of stainless steel, RM/kg

E price of fiberglass wool, RM/kg

F welding cost, RM/m.

G, constraint 1, m®

[ 6 constraintn, J/s ; n=2,3,4

h overall heat transfer coefficient, W/m?.K

hy convective heat transfer coefficient of the water, W/m*.K
h; convective heat transfer coefficient of the ambient air, W/m*.K
ky thermal conductivity of the fiberglass wool, W/m.K

k., thermal conductivity of water, W/m.K

P perimeter of tank, m

St sensitivity coefficient constraint 1

T water temperature in the tank, C

% top water temperature in the tank, 'C

T, ambient temperature, C

Tovie average water temgerature in the tank, C

V volume of tank, mr

w average vertical water velocity in the tank, m/s

P,  density of tank material (stainless steel), kg / m’
o density of insulator (fiberglass wool), kg / m’
P density of water, kg / m’

T physical time, s

A, Lagrange multiplier constraint n; n=1,2,3,4
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